INTRODUCTION
< < Let G be a finite group and let p be a prime dividing its order G . Ž . Suppose G admits an irreducible complex character which is induced < < < < 2 Ž . from some subgroup H. Then G -H by character degrees . If in addition ''H is small compared with G'' there should be some implications on the structure of G or the embedding of H in G. Indeed it has been w x shown in R that if H is an abelian subgroup then it necessarily is subnormal in G. This does not carry over to nilpotent subgroups, in general.
In this paper we study the situation where H s P is a Sylow p-subgroup of G. We have a corresponding result:
THEOREM A. If some character of the Sylow p-subgroup P of G induces
Ž . irreducibly to G, then the centre Z P of P is subnormal in G. The crucial step in the proof of these theorems is to ensure that G Ž . cannot be a nonabelian simple or quasisimple group. It is known that if G is p-constrained, the principal block is the unique p-block precisely Ž . when O G s 1. So it was basic for our approach to show that whenever some character of P induces irreducibly to G, then G has a unique Ž . p-block Lemma 4 .
Ž . Thus the largest normal p-subgroup O G of G is nontrivial. It is quite
Groups having a unique p-block are of p-deficiency class 0, in the terminology of Brauer. There exist only finitely many such groups whose Sylow p-subgroups have a given order. Nevertheless it seems to be rather Ž w x . difficult to characterize these groups cf. Feit F, p. 247 x. w x V.3.10 or X.1.5 . Brauer's First Main Theorem on blocks F, III.9.7 yields Ž . that the principal block b G is the unique p-block of G with defect 
Since is p-induced and vanishes off the p-elements of M Ž .
x Lemmas 1 and 2 , by Mackey's criterion there is a p-element
Ž . Ž .
Ž .
Replacing y and y
by suitable M-conjugates, if necessary, we may Ž . assume that both elements are in P Sylow . Application of Goldschmidt's w x fusion theorem G , together with Corollary 1, yields the existence of a Ž . Ž . Ž . subgroup P of P such that H s N P satisfies a , b , and of elements
Comment. It follows that G has no strongly p-embedded subgroup. Moreover, our argument shows that no p-conjugacy This completes the proof of Theorem B.
Recall that Theorem A is weaker than Theorem B.
INERTIA GROUPS
Knowing that in the situation of these theorems G has a nontrivial normal p-subgroup, we may invoke Clifford theory. Let N be a normal Ž . Ž . p-subgroup of G and g Irr N , and let T s T be its inertia group.
G
Recall that induction defines a bijection between the irreducible characw x Ž ters of T and G lying over F, V.2.2 . A character of G is said to lie . over if its restriction to N contains . 
ii TrN has an irreducible p-induced character, and can be extended to a character of T.
Ž .
Ž . Proof. Sufficiency of condition i is obvious. As for ii , suppose is an Ž . irreducible character of T extending and that g Irr TrN is p-Ž . G induced. Then is an irreducible p-induced character of T, and is as required.
p-EXTENSIONS
Let X be any finite group and U a Sylow p-subgroup of X. We denote Ž . by V the transitive permutation ‫ކ‬ X-module determined by the action of p X on the right cosets modulo U. This is the module meant in THEOREM C. Let V u G¸X be any group extension to this module. Then G admits an irreducible p-induced character. C¨s U.
Proof. As an ‫ކ‬ -vector space V s [ V x , where V s ‫ކ‬ is viewed as

Ž .
X 0 w x Now V ( V * is a selfdual module F, IX.3.2 , and we may identify V * with Ž the character group of the elementary abelian p-group V through some fixed isomorphism between ‫ކ‬ and the group of complex pth roots of p . unity . We conclude that there exists a linear character of V such that U is its stabilizer. In other words, in the extension group G we have Ž . T s P where P is the Sylow p-subgroup of G mapping onto U. Apply G Ž . Proposition 2 i .
Ž
. In case G splits over V, the character can be extended to a linear Ž . G Ž . character of P. Then with varying over Irr U are the distinct irreducible p-induced characters of G lying over . Note however that there are nonsplit extensions unless X is a pЈ-group, because
Ž . p Ž . by Shapiro's lemma. Of course, we may replace V by its ''heart'' VrC X , V which is selfdual as well. But in general V cannot be replaced by arbitrary faithful ‫ކ‬ X-modules:
n ŽSuch a group exists up to certain exceptions on p and n; in case n G 2 is Ž n . prime to p one may pick X s ⌫ p as the group of semilinear automor-Ž n . . n n phisms on ‫ކ‬ , which has order n p y 1 . View V s ‫ކ‬ as a natural p p Ž . usually irreducible module for X, and let G s XV be the semidirect
EXAMPLE 2. Suppose X is an abelian pЈ-group and V is a faithful ‫ކ‬ X-module. We assert that then the semidirect product G s XV admits 
GROUPS OF LIE TYPE
We fix a finite group X with a split BN-pair of characteristic p and Ž rank n G 1 satisfying the commutator relations see Curtis and Reiner w x . Ž . CR for the necessary background . So B s N U s HU where U is a X Sylow p-subgroup of X and H is an abelian pЈ-group. As usual X 0 s pЈ Ž . Ž . O X denotes the subgroup of X generated by the unipotent p-elements. X 0 has a split BN-pair resulting from that of X. One has Ž .
Validity of the commutator relations has strong impact on the geometry Ž . and structure of X. The combinatorial building ⌬ X associated to X is a Ž w x. Moufang complex in the terminology of MS , and the following holds.
Ž . 
Ž .
automorphisms, the structures of X and XrZ X are well understood. X Ž . is said to be an adjoint group provided Z X s 1.
Recall that the absolutely irreducible p-modular representations of X Ž are parametrized by so-called weights with regard to the fixed BN-pair; w x w x. see Curtis C and CR, Sect. 72 . Usually one works over an algebraically closed base field of characteristic p. Since Schur indices are 1 Galois descent is easy:
Given an absolutely irreducible p-modular representation of X to the Ž . Ž . weight ; и , и , и , let k be the finite field generated over ‫ކ‬ by its 
Ž . Ž .
‫ކ‬ X V p
Then k¨is the weight line and 0 /¨g V a weight¨ector of V. 
